By localizing the nonlocal symmetries of a nonlinear model to local symmetries of an enlarged system, we find Darboux-Bäcklund transformations for both the original and prolonged systems. The idea is explicitly realized for the well-known KdV equation. Soliton equations connect rich histories of exactly solvable systems constructed in mathematics, cosmology, fluid physics and field theory, and powerfully demonstrate the unity of nonlinear concepts across disciplines and scales from micro-physics and biology to cosmology. Among these equations, the Korteweg de-Vries (KdV) equation
is one of the most ubiquitous. [1−5] The Darboux transformation (DT) and the symmetry method are two of the most effective approaches to solve the problem of integrable nonlinear systems. Recently, it has been found that these two approaches are deeply related. In particular, the infinitesimal forms of DTs are nonlocal symmetries of the original nonlinear systems. [6] In this Letter, we concentrate on the following interesting and important problem: Can we obtain DTs from Lie point symmetry theory? To answer this question, we take the celebrated KdV equation as an example. The result is valid to other integrable systems.
For Eq. (1), its Lax pair has the form
with the spectral parameter . A symmetry of Eq. (1) is defined as its solution of the linearized equation
which means that Eq. (1) is form invariant under the transformation → + with infinitesimal parameter .
In Ref. [6] , it has been proved that the known square spectral function symmetry
is just the infinitesimal form of the first type of DT for Eq. (1) 
where Ψ ( 1 ) is the spectral function of the Lax pair in Eq. (2) with the spectral parameter 1 and the potential 1 ( 1 ), we can re-obtain the well-known first type of DT of the KdV equation because the nonlocal symmetry of Eq. (4) just comes from the limiting procedure
for the first type of DT. [6] Since the nonlocal symmetry of Eq. (4) can also be derived by many other approaches (such as, by applying the inverse recursion operator on the identity symmetry = 0 without using the limiting procedure in Eq. (6)) [7] we can introduce a new group parameter that is independent of the spectral parameter. In other words, in addition to the initial value problem in Eq. (5), we can also introduce the second type of the initial value problem
where Ψ ( ) is the spectral function of the Lax pair in Eq. (2) with the spectral parameter and the potential ( ) while the group parameter is independent of . To solve the initial value problem of Eq. (7), we have to localize the nonlocal symmetry of Eq. (4). By introducing the auxiliary variables and with the relations = ,
the nonlocal symmetry of Eq. (4) of the original KdV equation becomes a local Lie point symmetry
for the enlarged KdV system (1), (2), and (8); that is, Eq. (9) is a solution of the following linearized system
Correspondingly, the initial value problem of Eq. (7) is changed to
After solving the initial value problem of Eq. (11) we have the following theorem [8, 9] for the second type of the DT. Theorem 1. If { , , , } is a solution of the enlarged KdV system (1), (2) and (8), so is { ( ), Ψ ( ), ( ), ( )} with
It is clear that, because of the intrusion of the spectral parameter in the nonlocal symmetry of Eq. (4), we have infinitely many nonlocal symmetries for the single field ,
where , = 1, 2, . . . , are spectral functions of the Lax pair in Eq. (2) with different spectral parameters
The nonlocal symmetries of Eq. (13) are used to find algebraic-geometric solutions by the so-called nonlinearization procedure of Lax pairs.
[10] Now, our question is how to solve the initial value problem related to the nonlocal symmetry of Eq. (13) for any fixed :
where Ψ ( ), = 1, 2, . . . , are spectral functions of the Lax pair in Eq. (2) with spectral parameters and potential ( ).
As in the = 1 case of Eq. (7), to solve the initial value problem in Eq. (14), we have to further prolong the KdV equation to a larger system such that Eq. (13) becomes a Lie point symmetry. It is remarkable that if we introduce the following enlarged system, = 1, 2, · · · , ,
,
the nonlocal symmetry Eq. (14) of Eq. (1) becomes a local Lie point symmetry of the enlarged system Eq. (15),
which is the solution of the linearized system ( = 1, 2, · · · , )
To verify the correctness of Eq. (16), it is enough to fix ̸ = 0, = 0, ̸ = with = ( 2 ) = 2 , which is a known solution of Eq. (17b). Substituting = ( 2 ) into Eq. (17c) for = , we have
Canceling in Eq. (18) via the part of Lax pair; that is, = + / , we have
Now it is a trivial work to verify
To find with ̸ = from Eq. (17c) and the Lax pair, we have
Now, to verify the result
from Eq. (21), one has to use the relation
which comes from the Lax pairs by canceling the field . After obtaining the symmetry components and , ̸ = , to obtain the other components { , } and { , , ̸ = } from Eq. (17d) is straightforward after considering Eq. (23).
Thus, the initial value problem of Eq. (14) is changed to
Although it is quite difficult solve the initial value problem of Eq. (24), it is not difficult to verify that the final result can be summarized to the following theorem. Theorem 2. If { , , , , = 1, 2, · · · , } is a solution of the enlarged KdV system Eq. (15), so is { ( ), Ψ ( ), ( ), ( )} with
where Δ, Δ i and Γ i are determinants of the matrices , and , respectively, with
· · · 
